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ANOTHER PROBLEM OF JO´NSSON AND MCKENZIE
FROM 1982
REFINEMENT PROPERTIES FOR CONNECTED POWERS OF
POSETS
JONATHAN DAVID FARLEY
Abstract. In 1982, Jo´nsson and McKenzie posed the following prob-
lem: “Find counter examples (or prove that none exist) to the refinement
of AC ∼= BD [A, B, C, and D non-empty posets] under” the condition
“C, D, and AC are finite and connected.” That is, in this situation, are
there posets E, X, Y , and Z such that A ∼= EX , B ∼= EY , C ∼= Y × Z,
and D ∼= X × Z?
In this note, this problem is solved.
Let E and X be posets. Define EX to be the poset of order-preserving
maps from X to E where, for f, g ∈ EX , f ≤EX g if f(x) ≤E g(x) for all
x ∈ X.
∼=
Figure. EX where E is the 4-element crown and X the 2-element chain.
Many of the usual laws of arithmetic hold for the arithmetic of ordered sets,
with one unusual one: if A is connected and non-empty, then (U + S)A ∼=
UA + SA [5, Proposition 4.1]. So if E, X, Y , and Z are posets,
(EX )Y×Z ∼= EX×Y×Z ∼= (EY )X×Z (♮)
What if we have posets A, B, C, and D such that AC ∼= BD? Can we find
“refining” posets E, X, Y , and Z such that the isomorphism is naturally
explained (by ♮), where
A ∼= EX , B ∼= EY , C ∼= Y × Z, and D ∼= X × Z?
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In 1982, Bjarni Jo´nsson (an invited speaker at the 1974 International
Congress of Mathematicians [7, §3]) and Ralph McKenzie, a professor at the
University of California at Berkeley, posed the following problem [2]:
“PROBLEM 12.1. Find counter examples (or prove that none exist)
to the refinement of AC ∼= BD under any of the conditions:. . .
(ii) C, D, and AC are finite and connected.”
We solve this problem.1
For posets E and X, let D(EX) denote
{g ∈ EX | g is constant on each connected component of X}
and for X 6= ∅ let C(EX) denote
{f ∈ EX | f is in the same connected component as g for some g ∈ D(EX)}
Recall that a subset X of a poset E is a retract if there exists an order-
preserving map (a retraction) ρ : E → X such that ρ ↾X= idX . A general
reference is [8].
Lemma 1. Let E and X be posets such that X 6= ∅. Then E is order-
isomorphic to a retract of C(EX).
Proof. For all e ∈ E, the constant map from X to E with image {e},
〈e〉, is in D(EX) ⊆ C(EX). Fix x0 ∈ X. Define a map
ρ : C(EX)→ {〈e〉 | e ∈ E}
by ρ(f) = 〈f(x0)〉 for all f ∈ C(E
X ).
If f, g ∈ C(EX) and f ≤ g, then f(x0) ≤ g(x0), so 〈f(x0)〉 ≤ 〈g(x0)〉.
Also, if e ∈ E, then ρ(〈e〉) =
〈
〈e〉(x0)
〉
= 〈e〉. 
Lemma 2. Let E and X be posets such that X 6= ∅. If EX is connected,
then C(EX) = EX . 
Lemma 3. Let A and S be posets. Let ρ : A → I be a retraction onto a
subset I of A. Define σ : AS → IS for all f ∈ AS by σ(f) = ρ ◦ f . Then σ
is a retraction.
Proof. Let f, g ∈ AS be such that f ≤ g. Then for all s ∈ S,
f(s) ≤ g(s), so
[σ(f)](s) = (ρ ◦ f)(s) = ρ
(
f(s)
)
≤ ρ
(
g(s)
)
= (ρ ◦ g)(s) = [σ(g)](s).
Hence σ(f) ≤ σ(g).
If f ∈ IS , then for all s ∈ S,
[σ(f)](s) = (ρ ◦ f)(s) = ρ
(
f(s)
)
= f(s),
1Since Jo´nsson and McKenzie used the word “any” (they listed five sets of conditions),
we assert that, technically, we have solved their Problem 12.1.
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so σ(f) = f . 
Proposition 4. Let S, P , Q, and R be posets such that Q,R, S 6= ∅, and
P ∼= C(QR). Then QS is order-isomorphic to a retract of PS. Hence, if PS
is connected, so is QS.
Proof. Apply Lemma 3 to the retraction of Lemma 1.
The image of a connected poset under an order-preserving map is
connected. 
Lemma 5. Let A, S, and U be non-empty posets such that US×A is con-
nected. Then US is connected.
Proof. Use [5, Proposition 4.1(10)] and the fact that US×A ∼= (US)A.

Theorem 6. Let A, B, C, and D be non-empty posets such that C, D, and
AC are finite and connected and AC ∼= BD. Then there exist posets E, X,
Y , and Z such that A ∼= EX , B ∼= EY , C ∼= Y × Z, and D ∼= X × Z.
Proof. Obviously A and B must be finite. Since C and D are non-
empty and connected and AC is connected, then A, B, andBD are connected
[5, Proposition 4.1(10)]. By [1, Theorem 4] and Lemma 2, we know that
there exist finite, non-empty, connected posets E, X, Y , and Z such that
A ∼= C(EX), B ∼= C(EY ), C ∼= Y × Z, and D ∼= X × Z—i.e., C(EX)Y×Z ∼=
AC ∼= BD ∼= C(EY )X×Z . By Lemma 5, C(EX )Y and C(EY )X are connected,
so, by Proposition 4, EY and EX are connected. Thus, by Lemma 2, A ∼=
C(EX) = EX and B ∼= C(EY ) = EY . 
It would be interesting to find a “strict” version of Theorem 6 (cf. [5,
Proposition 3.1]).
In [3], Kolibiar defines congruences on connected posets and proves
they form a lattice. He told the author that he did not know if his congruence
lattices were distributive [4]. But if they are, perhaps that can be used to
prove the refinement theorem (cf. [6, Chapter 5]).
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